admit no cross-sections (s-\-t = k) in {Bii i = 1, 2, ••-, &}, then 5, t are homotopy invariants of JjLi-Bj (see Lemma 1.5).
Since the connected sums of type O have been completely classified up to homotopy equivalence in [22] , we classify the connected sums of type I, type (O + I) up to homotopy equivalence in this paper. In other sense, our classifications supplement those of [3] and [4] where the manifolds of type I or type (O + I) were not always completely classified up to diffeomorphism mod O m .
In Section 1, we study the classification theorem obtained in [6] , freely for the orientation, and represent it by an isomorphism which preserves certain invariants, a pairing, a quadratic form, and a homomorphism. In Section 2-Section 5, we perform certain homotopy theoretical calculations which are needed for our purpose. Our main results classifying the connected sums of type I, type (O + I) up to homotopy equivalence are given in Section 6 and Section 7. 
(B) = p* (a (B)). We express this fact simply by a( -B)=a(B).
Since p is identical on the subspace .R p xO, we have p#°i# = i#, where
i*'. 7tq-i(SOp)-+ftq-i(SO p+ i) is induced from the inclusion map. Hence, if
A is a ^-sphere bundle over the g-sphere which admits a cross-section, then a( -A)=a(A). Thus, there is an orientation preserving diffeo- or (a', £') &y (a, e) or (a', £') :
In some special cases, we can mention Theorem 1. 2 without using Here, ^_i denotes the (n -3) -fold suspension of ^2 which is the generator of 7t z (S 2 ) =Z represented by the Hopf map, and ^n-2 = <3 7n-2 0 Vn-iLet jff: H-^-iCSOp+O/GCo)) be the map defined by /9(^) =(f>a(x) , where 0: n q -i (SO P+1 ) ->7r ? _ 1 (SO p+ i)/G(co) is the canonical projection. $ is a quadratic form with the associated bilinear form 0o9o0, where 9:
is the boundary homomorphism, since
Of-O+ y) = a (x) + a (y) + 9o0 (x, y)
by Wall [20] . Let H 0 be a subgroup of H such that 0\H 0 xH Q = O y and let ft: H^-^K^ (SO P+1 )/G(0) be the map defined by ft(:r) = {a (a:)}, the coset of a (x) . Then, ft is a homomorphism since 0 is trivial on H 0 .
Similarly define /?, ^5 0 for ** /9(w<) =/?'(«>;), z = l, 2, •-.,*, since e(w f ) =£'(^0 =0 or o> and G(0) C G(ft)). jff, jS' are quadratic forms with the associated bilinear forms 0o9o0 9 000*00' respectively. Therefore, we know (ii) by (i) . Let This completes the proof.
Remark. Let jtjLiJBj, l?=i^ have the same oriented homotopy type.
In the above proof of the necessity, we may adopt arbitrary admissible To classify the connected sums of ^-sphere bundles over g-spheres up to homotopy equivalence for such values of (p, q) as above, we must compute G^-O (^^4) and G(^_ 2 ) (??2>6) . The following Section 2-Section 5 are devoted for the computation. §2. Some Lemmas In the Case n = &j (/>0)
In this section, we investigate the homotopy groups of rotation groups and certain relations with the homotopy groups of spheres in order to calculate G(^n_i), G(^|_ 2 ) when n -8j 0/^>0). We have the following Diagram 1, which is commutative and will be used to calculate G^-i), G(^_ 2 ) (n = 8j, j>0) in Section 4, 5 respectively. In the diagram, J (i) :
, denote J-homomorphisms and the horizontal maps between the homotopy groups of spheres are the suspension homomorphisms, which we denote by E M , z" = l, 2, '",5, or simply by E if there is no confusion. Those maps between the homotopy groups of rotation groups are the homomorphisms induced from inclusions, which we denote simply by i* if there is no confusion.
The homotopy groups of rotation groups are known by [11] , that is, we have the sequence which is exact and splits if z"<^4, j^>2 or z'<^l, j = 1, where m is sufficiently large, and the homotopy groups of Stiefel manifolds are known by [15] . + fc"* 9 f, u 2 = i%*£, and r = z^l o f. Then, we have the generators which correspond similarly as in the case j]>l. Hence, in this meaning, the correspondence of generators in Diagram I holds for j = l.
Note. Since the sequence (*) is exact if z<^2, j = I and splits if z<^l, j = l, we can take the generators in a similar way as in the casê *^>l, and in fact we know the above relations except the one for v z .
The aim of the above definition is to clarify the operation of 7T 0 (O 8 (2) is monomorphic on the subgroup generated by {z; 2 , t; 3 }, and where 7T: 5O 6 -»*S 5 is the projection and H. is the Hopf homomorphism,, ) . Then, (tf n+1 ) ^/^ = E (2) ( (^n) ^r) and there- (ii)
Let n>8, and let [y n , C n~\ = (y n ) *r for some r^X 2 n(S n+1 ) . Since is monomorphic by Lemma 2.1. Here, 0? n _i)
but H (J^Wj) 7^0 similarly as in (i) . This is a contradiction.
Let rc = 8. By Toda [19] , it is known that 7t 16 To calculate G(^_ 2 ) when n = 8j+l 0">0), we study the homotopy groups of rotation groups and certain relations with homotopy groups of spheres. We have the following Diagram 2, where we keep the notations in Section 2 and the diagram is written in a similar way.
The homotopy groups of rotation groups are known by the following
which is exact and splits for z'^3, j^2 or ^"^2, J = l, where ^z is sufficiently large ([11] is monomorphic, and therefore J (6) is monomorphic for jL emma 3, 3. (Cf. Nomura [13] ). Let n = Sj+l (j>0). Then, Proof. The above homotopy groups are given as follows :
Here, 7Ti 3 (S 7 ) is generated by v? = y 7 oy 10 and ^6ov 7 = 0 by (5.9) of [19] .
Hence, 0? 6 ) * is trivial. J (3) is epimorphic by Proposition 2.1 of [22] .
i# carries the generator of 7T 7 (SO 6 } to twice the generator of TC 7 (SOj) up to sign (Cf. [17] , [18] 
Proof. The related homotopy groups are given as follows (Cf.
[ = (^2)*e for some £e7r 14 The proof is given by the following assertions, where we assume that w = 8.7 + l 0*>0). Throughout the proof, we should confer Diagram 2. In this section and the next section, we completely classify the connected sums of type I or type (O + I) up to homotopy equivalence using the results obtained in the previous sections.
Throughout this and next sections, we should confer Table 2 of [3] and [4] . In proving the theorem, we note that exchange of orientation has no affection since the operation of 7T 0 (O 7 ) to 7T 7 (5O 7 ) is trivial by 22. 4
of [16] . 
\0 EJ \0 EJ -where E t is the unit txt-matrix, and
In the following, A 0 denotes the product bundle S 8 ( The facts corresponding to those used in the proof of Theorem 6. 1 are obtained from [3] and [4] . We must note that the operation of 7T 0 (O 6 ) to 7T 7 (5O 6 ) is also trivial. In fact, the exact sequence Hence, as independent representatives of classes classified up to diffeo--morphism, we can take
In the above, diffeomorphisms are orientation preserving. Hence, as independent representatives of classes classified up to diffeomorphism, we can take
In the above, diffeomorphisms are orientation preserving. Since J (3) and i* : n n (5O n _i) ->7T n (SO n ) (n = 8j) are monomorphic by [4] .
